Let unital C * -algebras A and B be Morita equivalent and let X be an A-B-imprimitivity bimodule. Then it is shown that the following conditions are equivalent: (1) A has the DunfordPettis property; (2) B has the Dunford-Pettis property; (3) X has the Dunford-Pettis property. Furthermore, we discuss when C * -crossed products by actions or coactions have the DunfordPettis property.
Introduction
Let X be a Banach space and denote by X * the dual space of X . We say that the Banach space X has the Dunford-Pettis property if every weakly compact operator on X is completely continuous, that is, such an operator takes weakly Cauchy sequences into norm Cauchy sequences. Equivalently, X has the Dunford-Pettis property if, for any weakly null sequence {x n } ⊂ X and any weakly null sequence {ϕ n } ⊂ X * , we have ϕ n (x n ) → 0 (n → ∞). Since every C * -algebra is a Banach space, it is natural to consider C * -algebras with the Dunford-Pettis property and to characterize them. In fact, some characterizations of C * -algebras with the Dunford-Pettis property were done by Chu [2] , Chu and Iochum [3] and Hamana [5] , and so on. In particular, the crucial characterization is that a C * -algebra A has the Dunford-Pettis property if and only if every irreducible representation of A is finite-dimensional; see [2] . We will employ this result repeatedly below to obtain the main theorems in section 2 and in section 3.
On the other hand, the notion of Morita equivalence has become a standard tool in recent developments of the theory of C * -algebras, especially, in K-theory, group C * -algebras and C * -crossed products, and actually Morita equivalence gives an equivalence relation between C * -algebras. It would be interesting to investigate what properties in C * -algebras are preserved under Morita equivalence. In fact, there are already some results along such a line; for example, nuclearity, type I-ness, simplicity of C * -algebras are preserved under Morita equivalence (see [1, 3.2] for nuclearity; [1, 2.2] for type I-ness; and [12, Theorem 3.22] for simplicity). In section 2, we first show that the Dunford-Pettis property in unital C * -algebras is preserved under Morita equivalence and we will give an example that the Dunford-Pettis property is not necessarily preserved under Morita equivalence for non-unital C * -algebras. Let C * -algebras A and B be Morita equivalent. Then there is a Banach space X called an A-B imprimitivity bimodule associated with both A and B. When some property in A and B is preserved under Morita equivalence, it is natural to expect that X must contain sufficient information on that property of A and B. In such a viewpoint, the author has shown that if A or B has the weak Banach-Saks property, then X has the uniform Banach-Saks property, and that if A or B is unital, the converse also holds [6] . Further he has shown that if A or B is scattered, then X * has the Radon-Nikodým property, and that if A or B is σ -unital, then the converse also holds [7] . In section 2, we shall show that unital C * -algebras A and B have the Dunford-Pettis property if and only if X has the Dunford-Pettis property.
In section 3, we discuss when C * -crossed products have the Dunford-Pettis property. Let (A, G, α) be a C * -dynamical system and let G be a locally compact group. Denote by A × α G the C * -crossed product of A by G. Suppose that α is pointwise unitary. Consider the following conditions:
(1) A has the Dunford-Pettis property; (2) A × α G has the Dunford-Pettis property.
Then we shall show that (2) ⇒ (1) and, conversely, that if G is abelian then (1) ⇒ (2). Next, we consider coactions δ of locally compact groups G on A, and we deal with crossed products A × δ G of A by δ. Then we discuss similarly when crossed products A × δ G have the Dunford-Pettis property, and we obtain a result for A × δ G analogous to that for A × α G above. Here we assume that X is always a vector space. If X satisfies the following additional condition: (f) the closed linear span of { x , y | x, y ∈ X } coincides with A, then X is said to be full.
The Dunford-Pettis property in Hilbert
Let B be a C * -algebra. Right Hilbert B-modules are defined similarly except that we require that B should act on the right of X , that · , · is conjugate-linear in the first variable, and that x , yb = x , y b for all x, y ∈ X and b ∈ B.
Let A and B be C * -algebras. We denote by A · , · the A-valued inner product on the left Hilbert A-module and by · , · B the B-valued inner product on the right Hilbert B-module, respectively. By an A-B imprimitivity bimodule X , we mean a full left Hilbert A-module and full right Hilbert
Two C * -algebras A and B are said to be Morita equivalent if there exists an A-B-imprimitivity bimodule. We remark that in this paper, Morita equivalence means strong Morita equivalence in the sense of Rieffel. The reader is referred to [12] for Hilbert C * -modules and Morita equivalence.
For a C * -algebra A, we denote by A the spectrum of A, that is, the set of (unitary) equivalence In the above lemma, the assumption that both C * -algebras A and B be unital is essential. In fact, let A be a unital C * -algebra which has the Dunford-Pettis property, hence every irreducible representation of A is finite-dimensional. Let A ⊗ C(H ) be the C * -tensor product of A and C(H ), where C(H ) is the C * -algebra of all compact operators on an infinite-dimensional Hilbert space H . Then A and A ⊗ C(H ) are Morita equivalent (see [12, Corollary 3 .39]). But, since A ⊗ C(H ) has an infinite-dimensional irreducible representation, it does not have the Dunford-Pettis property.
The following lemma is easily verified. Proof. Let L(X ) be the linking algebra for X (see [12, p.50 ] for linking algebras). As is well known, L(X ) is a C * -algebra and it is Morita equivalent to A and to B (for example, [12, Theorem 3.19] ). In fact, we have A = pL(X ) p and B = qL(X )q with p + q = 1 for projections p, q in the multiplier algebra of L(X ). Since A and B are unital, L(X ) is also unital. It hence follows from Lemma 2.1 that L(X ) has the Dunford-Pettis property. Since X is identified with pL(X )q and the projection P from L(X ) onto X can be defined by P(·) = p · q, it follows from Lemma 2.2 that X has the Dunford-Pettis property.
Now we are in a position to establish the main result.
THEOREM 2.4 Let unital C * -algebras A and B be Morita equivalent and let X be an A-Bimprimitivity bimodule. Then the following conditions (1)-(3) are equivalent:
( (3) ⇒ (1) Take any weakly null sequence {a n } ⊂ A and any weakly null sequence {ϕ n } ⊂ A * . In order to obtain condition (1), we have only to show that ϕ n (a n ) → 0 (n → ∞).
Take any x ∈ X . For each n, we consider the bounded linear functional
For each x ∈ X, we now assert that {ϕ n ( A · , x )} is a weakly null sequence in X * . We define a bounded linear map T x : A * → X * by
for ϕ ∈ A * and y ∈ X . Take any ∈ X * * . Then we have
Since we easily see that • T x ∈ A * * and since {ϕ n } is weakly convergent to 0 in A * by assumption, we conclude that
Next we claim that for each y ∈ X , {a n y} ⊂ X is a weakly null sequence in X . Take any ω ∈ X * and define a bounded linear functional ω(·y) ∈ A * by
A a → ω(ay).
Since {a n } is weakly convergent to 0 in A, we see that ω(a n y) → 0, which means that {a n y} ⊂ X is a weakly null sequence in X .
Since A is unital, it follows from [12, Lemma 5.53 ] that there is a finite subset
For each x k , we see from the above observation that {a n x k } n is a weakly null sequence in X . Since {ϕ n ( A · , x k )} is weakly convergent to 0 (n → ∞) in X * for each k and since X has the Dunford-Pettis property, we see that ϕ n ( A a n x k , x k ) → 0 (n → ∞). Since we have
we conclude that ϕ n (a n ) → 0 (n → ∞).
C * -crossed products with the Dunford-Pettis property
In this section, we discuss when crossed products of C * -algebras with the Dunford-Pettis property have the Dunford-Pettis property again, and vice versa.
Let (A, G, α) be a C * -dynamical system, that is, A is a C * -algebra, G is a locally compact group, and α is a strongly continuous group homomorphism from G into the automorphism group of A. We denote by A × α G the C * -crossed product of A by G. The reader is referred to [10] for C * -dynamical systems and C * -crossed products. We say that α is pointwise unitary if for every irreducible representation (π, H π ) of A, there exists a strongly continuous unitary representation u of G on the Hilbert space H π such that
for all x ∈ A and t ∈ G. Now we establish the main theorem in this section.
THEOREM 3.1 Let (A, G, α) be a C * -dynamical system and let G be a locally compact group. Suppose that α is pointwise unitary. Consider the following conditions:
(1) A has the Dunford-Pettis property;
In order to obtain condition (1), it suffices to show that the Hilbert space H is finite-dimensional. Since α is pointwise unitary, there exists a strongly continuous unitary representation u of G on the Hilbert space H such that
for all x ∈ A and t ∈ G. We then consider the representation
and since π is irreducible, π × u is also irreducible. Since A × α G has the Dunford-Pettis property, (π × u, H ) is finite-dimensional. Hence H is finite-dimensional, from which it follows that A has the Dunford-Pettis property.
(1) ⇒ (2) Suppose that G is abelian. Take any irreducible representation of A × α G, say (π × u, H ) with some covariant representation (π, u, H ) of A. As is shown in the proof of Lemma 2.1, A is of type I. Since α is pointwise unitary, it follows from [11, Proposition 2.1] that π is an irreducible representation of A. Since A has the Dunford-Pettis property, we conclude that H is finite-dimensional, which shows that every irreducible representation of A × α G is finitedimensional, hence A × α G has the Dunford-Pettis property. Thus we complete the proof.
In the above theorem, condition (1) does not imply condition (2) in general. For example, let G be an infinite discrete group. Denote by C 0 (G) the C * -algebra of all (continuous) functions on G vanishing at infinity. Consider C 0 (G) as a C * -algebra A and the translation τ as an action of G on C 0 (G). Then C 0 (G) has the Dunford-Pettis property, and it is easy to verify that τ is not pointwise unitary. Here note that the C * -crossed product
does not have the Dunford-Pettis property. Hence C 0 (G)× τ G does not have the Dunford-Pettis property. As another example, consider a unital C * -algebra A with the DunfordPettis property and an inner action Adu of an infinite discrete group G on A, where u is a group homomorphism of G into the unitary group in A. Obviously Adu is pointwise unitary. Suppose that G has an infinite-dimensional irreducible unitary representation (so it is not abelian). Then the group C * -algebra C * (G) of G has an infinite-dimensional irreducible representation, which implies that the C * -tensor product A ⊗ C * (G) does not have the Dunford-Pettis property (recall that A is necessarily liminal). Since A × Adu G is isomorphic to A ⊗ C * (G), A × Adu G does not have theLet A be a C * -algebra and let δ be a non-degenerate coaction of a locally compact group G on A. Then we denote by A δ the fixed point algebra of A under δ, which is defined by
Let G be discrete. Then A δ is not zero if A is not. Now we denote by M e the multiplication operator defined by
where e denotes the identity of G. Note that the fixed point algebra can be defined without G being discrete.
The following theorem is proved along lines similar to those of the proof of Theorem 3.1 above. But, for convenience of the reader, we sketch the proof. Then (
1) ⇒ (3). If G is discrete, then (2) ⇒ (3). If δ is pointwise unitary, then we have (2) ⇒ (1), and if moreover the spectrum A is a Hausdorff space, then the implication (1) ⇒ (2)
holds.
Proof. (1) ⇒ (3)
Since every C * -subalgebra of a C * -algebra with the Dunford-Pettis property has the property [3, Corollary 2], we obtain condition (3).
(2) ⇒ (3) Suppose that G is discrete. Then {(x ⊗ 1)(1 ⊗ M e ) | x ∈ A δ } is a C * -subalgebra of A × δ G which is isomorphic to A δ . Hence, condition (2) implies that A δ has the Dunford-Pettis property.
From now on, we suppose that δ is pointwise unitary.
(2) ⇒ (1) Let (π, H ) be any irreducible representation of A. In order to obtain condition (1), it suffices to show that the Hilbert space H is finite-dimensional. Since δ is pointwise unitary, there exists a unitary W ∈ M(π(A) ⊗ min C * r (G)) such that (π, W ) is a covariant pair. We then consider the representation (π × W, H ) of A × δ G corresponding to the covariant pair (π, W ) of A on H . Since π(A) ⊂ (π × W )(A × δ G) and since π is irreducible, π × W is also irreducible. Since A × δ G has the Dunford-Pettis property, (π × W, H ) is finite-dimensional. Thus we conclude that A has the Dunford-Pettis property.
Suppose that A is a Hausdorff space and we show the implication (1) ⇒ (2). Take any irreducible representation of A × δ G, say (π × W, H ) with some covariant pair (π, W ) of A on the Hilbert space H . Since δ is pointwise unitary and A is a Hausdorff space, it follows from [9, Theorem 5.5 (1) ] that π is an irreducible representation of A. Since A has the DunfordPettis property, we conclude that H is finite-dimensional, which shows that every irreducible representation of A × δ G is finite-dimensional, hence A × δ G has the Dunford-Pettis property. Thus we complete the proof.
